In this work, the spin-averaged mass spectra of heavy quarkonia ( and ) in a Coulomb plus quadratic potential is studied within the framework of nonrelativistic Schrodinger equation. The energy eigenvalues and eigenfunctions are obtained in compact forms for any -value using Nikiforov-Uvarov method. The obtained results are used to produce potential parameters ( , , and ) for the charmonium and bottomonium systems, from which then their full mass spectra are determined. The obtained values are compared with the available experimental results. The predictions from our model are found to be in good agreement with the experimental results. As a side result, the Hydrogen atom known spectrum is recovered.
Introduction
Since their discoveries, investigation of heavy quarkonium systems ( , , , ) provides us with a crucial role for quantitative tests of QCD and the standard model. For detailed review of heavy quarkonium physics recent progress, see e.g. (Brambilla & Vario, 2007; Brambilla et al., 2005; Zalewski, 1998) and the references therein. Because of the heavy masses of the constituent quarks ( Λ , i.e. than about 200 MeV, where Λ is the hadronization scale), many features of these systems can be studied within the framework of nonrelativistic Schrodinger equation, where one assumes that the quark-antiquark strong interaction is described by a phenomenological potential. There are many potential models that are commonly used to study heavy quarkonium spectra; for instance, Martin, logarithmic, and Cornell potentials (Al-Jamel, 2011; Patel & Vinodkumar, 2009; Rai, Patel, & Vinodkumar, 2008; Reyes, Rigol, & Soneira, 2003; Zalewski, 1998) . Any of these potential should take into account the two distinctive features of the strong interaction, namely, asymptotic freedom and confinement. A successful potential model for such systems is the one that produces its mass spectra in agreeing with the experimental data within about 20 MeV and leptonic decay widths within a factor of two (Bhanot & Rudaz, 1978) .
The main obstacle in such studies arises due to the abscence of the exact solutions of Schrödinger equation for such systems, particulalry when the centrifugal potential is included. For 0, there are some approximation techniques, analytical and numerical, were developed, such as supersymmetry (Morales, 2004) , 1/ expansion (Bag, Panja, & Dutt, 1992) , Pekeris approximation (Pekeris, 1934) , variational methods (Montgomery, 2001 (Montgomery, , 2011 , and asymptotic iteration methods (Ciftci, Hall, & Saad, 2009 ).
In the present paper, we consider the mass spectra of heavy quarkonium systems in a Coulomb plus quardatic potential using Nikiforov-Uvarov method. In section 2, we review the main formalism of the conventional Nikiforov-Uvarov (NU) method used in our analysis. In section 3, we present our main problem and its analytic solution. In section 4, results and discussion are given. In the last section, summary and conclusions are presented.
Nikiforov-Uvarov Method
The Nikiforov-Uvarov method (hereafter, NU) is a method that provides us an exact solution of non relativistic Schrödinger equation, or Schrödinger-like equation, for certain shape of potentials. It is based on the solutions of general second order linear differential equation with special orthogonal functions (Nikiforov & Uvarov, 1988; Szego, 1975 
where and σ are polynomials, at most second degree, and τ is a first degree polynomial. For a careful derivation of Eq(1), one can refer to (Nikiforov & Uvarov, 1988) . To find the particular solution of Eq. (1), we use the following transformation ,
which reduces Eq. (1) to an equation of hypergeometric type,
where satisfies
and is the hypergeometric type function whose polynomial solutions satisfies the Rodrigues relation .
In the above equation, is the normalization constant and is called the weight function and must satisfy the condition
The function and the parameter required for this method are defined as
and
Here, is a polynomial with the parameter and the determination of is crucial in the calculation of . To determine the value of , the expression under the square root in Eq.(7) must be square of a polynomial. Hence, the follwoing new eigenvalue equation for the Schrödinger equation will be established
where
and it will have a negative derivative. By equating Eq. (8) with Eq. (9), we obtain the energy eigenvalues.
Formulation of the Problem And Its Analytic Solutions
As a phenomenological model for a heavy quarkonium system ( ), we consider the following spin-averaged potential ,
where and are non-negative constants and is the interquark distance. This potential has two parts: The first is / , which corresponds to the potential induced by one-gluon exchange between the quark and its anti-quark that dominated at short distances, while the second part accounts for quark confinement at large distances. The nonrelativistic radial Schrödinger equation for this system is ,
subject to the boundary condition ∞ 0. Using , the radial Schrödinger equation is Vol. 4, No. 3; 2012 96 transformed to 2 0.
Making the change of variable 1/ , this equation then becomes:
where 1 . Next,we propose the following approximation scheme on the term . Let us assume that there is a characteristic radius of the meson. Then the scheme is based on the expansion of in a power series around , i.e. around , in the -space, up to the second order, so that the dependent term, preserves the original form of Eq. (14) as if the term were not exist. This is similar to Pekeris approximation, which helps to deform the centrifugal potential such that the modified potential can be solved by NU method. Setting and around 0 it can be expanded into a series of powers as 1 2 3 6 8 3 .
Note that, within this approximation, an extra model parameter is introduced, viz., . It should be mentioned that the choice 0 eliminates from the calculations, and the effect of the confining quadratic potential dissappears and then we recover the free Coulombic field problems. Substituting this into the radial Schrödinger equation, we obtain 0,
where , and . By comparing this last equation with Eq.(1) we have τ 2 , , σ 2 , and so we can apply the NU method. Therefore 2 2 2 .
The constant is chosen such as the function under the square root has a double zero, i.e. its discrimenant Δ 4 8 2 0. Therefore,
Thus,
For bound state solutions, we choose the positive sign in the above equation so that the derivative
can have negative values depending on the values of parameters and , which in turn depend on the potential parameters , and . Therefore, from Eq. (20), and the definitions of and , we have
which sets a lower limit on the mean radius reciprocal for a given energy value and the constants and . Using Eq. (8) Comparing Eq. (8) and Eq.(9), one gets , from which one can then obtain the energy eigenvalues as .
The eigenfunctions in this approximation scheme can then be determined as discussed in section 2. Using Eq.(4), one obtains:
and from Eq. (6) we obtain the weight function
The corresponding wave functions are then found to be
where is the normalization constant determined by arguing that | | 1. By setting 1/ , and using that ,then we obtain
Results and Discussion
In this section, we use the obtained energy eigenvalue formula to study the mass spectra of heavy quarkonia. To be specific, we consider the charmonium ( ) and bottomonium ( ). Before we proceed our analysis, and as a side result, we use our results to recover the Coulomic field problem, for instance the H-atom known spectrum. As clear from Eq. (24), the energy depends on the potential parameters and , . Its formula contains two choices in the denominator, . The true choice can be fixed by retreiving the free hydrogen-atom energy spectrum, which can be done by setting 0, and 1. In this case, the known H-atom spectrum and wavefunctions are recovered by interpreting the integer 0,1,2, . . . that appears in our calculations above as not the principal quantum number, 1,2,3, . . ., for the hydrogenic problem, but rather through the relation
In this case, using Eq. (8-44) of (Gasiorowicz 2003) , one can see that positive sign in the denominator of Eq. (24) should be chosen. Thus, the H-atom spectrum in Hartree units is:
,
which is in agreement with the free H atom spectrum known in literatures. www.ccsenet.org/apr Applied Physics Research Vol. 4, No. 3; 2012 (Nakamura et al., 2010 one can determine the potential parameters , , and . Then, the rest of the mass spectra are determined using Eq.(32). The results are shown in Tables 1 and 2 . The obtained spin-avergaed mass values are found to differ by no more than 1.5% for charmonium and by 1.3% for bottomonium in comparison with the expermintal data except for the 4S charmonium state. As a nonrelativistic model, this agreement with the experimental results is fair. It should be mentioned that fine and hyperfine structure of heavy quarkonium mass spectra where the spin plays a major role can be taken into account if we use relativisitic corrections and the approperiate relativistic Schrodinger equation.
Conclusions
In this work, the spin-averaged mass spectra of heavy quarkonia and ) in a Coulomb plus quadratic potential were studied within the framework of nonrelativistic Schrodinger equation. The energy eigenvalues and eigenfunctions were obtained analytically for any -value using Nikiforov-Uvarov method. Using the available experimental data, the obtained energy formula were used fit charmonium and bottomonium mass spectra from which then the potential parameters ( , , and ) were determined. These parameters were then used to reproduce the mass spectra, which then were compared with the experimental results. The predictions from our model are found to be in good agreement with the experimental results. As a side result, the Hydrogen atom known spectrum is recovered.
